A b s t r a c t Marshall and Olkin (1997) proposed a new method to establish more flexible new families of distributions by adding a parameter to a distribution. In this paper, Marshall-Olkin extended Topp-Leone (MOETL) distribution is introduced. Some statistical properties of the MOETL are studied. The performance of the maximum likelihood estimates is investigated by means of a Marckov chain Monte Carlo (MCMC) simulation study. Model parameters are obtained using maximum likelihood method of estimation. Life time data analysis is performed to demonstrate the models applicability and flexibility. Akaike and Bayesian information criteria (AIC, BIC) illustrate the extended distribution provides better fit compared to the original distribution.
Lifetime data plays an important role in a wide range of applications such as medicine, engineering, biological science, management, and public health. Statistical distributions are used to model the life of an item in order to study its important properties. Proper distribution may provide useful information that result in sound conclusions and decisions. When there is a need for more flexible distributions, many researchers are about to use the new one with more generalization. An excellent review of Lee et al. (2013) has provided thorough knowledge of several methods for generating families of continuous univariate distributions. According to their work, there are some general methods introduced prior to 1980, which were developed by the strategies based on differential equation, transformation and quantile function. In addition, they also put emphasis on the movement of those methods proposed since 1980s, which changed the momentum by adding extra parameters or combining existing distributions.
Topp-Leone(TL) distribution is a continuous unimodal distribution with bounded support. It is a two parametric family continuous distribution proposed by TL (1955) . Such a distribution is useful for modelling lifetime phenomena, different aspect of this class of distributions have been studied e.g. by Nadarajah and Kotz (2003) . We say that a random variable X with range of values (0, λ) has a TL distribution, and write X ∼ TL(α, λ), if the cumulative distribution function cdf is
and the density function pdf is
Where α and λ are the scale and shape parameters respectively.
The TL distribution is known as the J-shaped distribution. This is due to the fact that f(x) > 0, ́( x) < 0, and ́ (x) > 0 for all 0 < x < λ, where ́a nd ́ are the first and second derivatives of f respectively.
The univariate continuous TL distribution with bounded support was originally proposed by TL (1955) and applied it as a model for some failure data. The probability density function pdf and cumulative distribution function cdf when λ=0 are respectively given, for 0 < x < 1 and > 0, by
And
In recent years, the Topp-Leone distribution has received a huge attention in the literature. For instance, Nadarajah and Kotz (2003) derived the structural properties of this distribution including explicit expressions for the moments, hazard rate function and characteristic function. This paper will be organized as follows. In section 2, Marshall-Olkin extended top-leone distribution is introduced, some properties are studied theory and along with a graphical description.in section 3.in section 4, the maximum likelihood method is described. Simulation study and application to real data set performed in section 5 and 6.finally, concluding remarks are given in section 7
Marshall-Olkin Extended Topp-Leone (MOETL) Distribution:
Marshall and Olkin( 1997) introduced a new family of distributions in an attempt to add a parameter to a family of distributions. Then, the Marshall-Olkin extended distribution has survival function ̅ ( ) ( ).Let ̅ ( ) ( ) is the survival function of a random variable X and α be a parameter. Then
is a proper survival function. ̅ ( ) is called Marshall-Olkin family of distributions.
The probability density function p.d.f .corresponding to (5) is given by
where ( ) is the p.d.f. corresponding to F(x). The hazard (failure) rate function is given by ( )
,where ( )
Similar models were considered, for example by Alice and Jose in (2003), (2005) .
) . Substituting in (5) we get a new distribution denoted by MOETL ( , α) with survival function
The corresponding pdf and cdf are obtained respectively as
And cdf is
The graphs of pdf. and distribution function cdf are drawn in Figures 1 and 3 . The shape of the pdf ( ) Figure 1 depends on parameter . Namely, if (0, ), then the pdf is decreasing function on (0, ) with g(0, ) = and g(θ,
is an decreasing function on (0, ) with g(0, ) = and g(θ, The hazard rate function of a random variable X with MOETL ( ) distribution is
For ≤0.7 the hazard rate is initially constant and there exists an interval where it changes. For > 0.7 the hazard function is increasing. The graph of hazard rate function is drawn in Figure 2 In this section, some fundamental properties of MOETL distribution including mean, moments, variance, quantile and mode are presented
Moments
We consider a random variable X with MOETL (α, θ). The r-th non central moments of the MOETL distribution and variance are given, respectively, by
Hence
The value of the function in (12), (13) can be obtained by a numerical calculation 
(16) Where ( ) is inverse of cdf of MOETL distribution
Quantiles of interest can be obtained from (10) by substituting appropriate values for q. In particular, the median of MOETL distribution can be obtained by substituting q=0.5 in (15) which given
3.3 The mode of the MOETL distribution can be found by solving log ( ,,θ)/ = 0
For this selected parameters values =6 0.8 the mode is 0.55 as shown in Figure 5 which indicates that the PDF is unimodal for the selected parameter values. 
Maximum Likelihood Estimation of MOETL Distribution
We consider the estimation of the unknown parameters of the MOETL distribution by the method of maximum likelihood. Let X= ( ) be a random sample of size n from MOETL (α, θ) in (9) . Let β= ( ) the vector of model parameters. Then the (ML) log-likelihood function (β) can be written as
Equation (19) can be maximized with respect to α and θ.
That is, solve the following two non-linear equation using iterative procedure.
It is clear that, the system of nonlinear equation (20-21) does not have an analytic solution in α and θ, therefore a numerical method is needed to obtain the solution.
The approximate confidence interval of the parameter ( ) can be obtained based on asymptotic distribution of the ML estimates of β. Then the 100(1-/2) % approximate confidence of the parameters ( ) are
Simulation study
In this section, some simulation results are provided to observe the behavior of the MLEs in terms of the sample size n. The importance of the MOETL distribution using real data is also illustrated.
Simulation study has been performed to investigate the performance of the ML estimates. This simulation was conducted for different sample sizes and different parameter values to study the effect of the new parameter α in two cases, the case of α < 1 and the case of α > 1.
The biases and mean squared errors of the MLE, and relative bias of MLE estimators of tow parameter have been investigated in a small simulation experiment. This experiment was conducted using the MATHCAD software .The Table 1 reports the ML estimates of the unknown parameters along with the R bias,the mean square error (MSE), and Confidence of Interval(CI) of the parameter. It is clear from the results that the MSE for the estimates of and are smaller than their corresponding R bias of ML estimates of MOETL. The results reveal that the estimates are stable and quite close to the true parameter values for the large sample size. Furthermore, as the sample size increases the MSEs decreases in all cases, but for special case the MSE for the value of parameter is very large as parameter is large.
Application
In this section we have given a numerical application of the MOETL distribution. We have used data from Nigm et al. (2003) and are about ordered failure of 20 components. The data is given below The graph also shows that the data is adequately fitted by MOETLE distribution
The flexibility of the MOETL distribution is measured by comparing the fitted model with the original distribution TL (α) distribution by calculating the (AIC) and (BIC) as presented in Table 2 . It can be seen that the TL distribution has higher AIC and BIC values compared to the MOETL distribution, which confirms that MOETL is more suitable for this data set. 
Conclusion
In this paper, an extended model based on TL distribution is investigated. The method for generating the MOETL distribution is presented in Section 3 This MOE family of distributions has closed forms of cdf, pdf, survival function and hazard function.
We apply the general properties to the MOETL distribution. Some statistical properties of this model are obtained. Through numerical simulation, the MLE of the parameters are calculated and discussed. Finally, real data set is fitted to this model and is shown to be appropriate.
